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956. 


ON RICHELOT’S INTEGRAL OF THE DIFFERENTIAL EQUATION 


dx, dy 


Riess gape 


[From the Messenger of Mathematics, vol. xx. (1894), pp. 42—47.] 


In the Memoir “Einige neue Integralgleichungen des Jacobischen Systems Differ- 
entialgleichungen,” Crelle, t. xxv. (1843), pp. 97—118, Richelot, working with the more 
general problem of a system of n—1 differential equations between n variables, obtains 
a result which in the particular case n=2 (that is, for the differential equation 


dx dy 


vx JYO X = a+ ba +c + dæ + ear, 


and Y the same function of y), is in effect as follows: an integral is 
a 5 sae 2 
[20-9 -v70 =O (0—«)(0—y) +@+e(6—2)' (0 — yy, 
where O, 0 are arbitrary constants, and © denotes the quartic function 
a+b0+ c+ dé + ef; 
viz. this is theorem 3, p. 107 (L. c.), taking therein n= 2, and writing 0, O for Richelot’s 


a and const. 


The | peculiarity is that the integral contains apparently two arbitrary constants, 
and it is very interesting to show how these really reduce themselves to a single 


arbitrary constant. 


Observe that, on the right-hand side, there are terms in @, @ whereas no such 
terms present themselves on the left-hand side. But by changing the constant OD, 
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we can get rid of these terms, and so bring each side to contain only terms in 
@, 0, 1; viz. writing 
O =- 2e@?—déd—c+C, 


where C is a new arbitrary constant, the equation becomes 


eee Pl ety +d(w+y)+C 
+0 [— 2e sy (@ + y) -— d æy —(C-—c)(#+y)+ b] 
Ga SER ce a +(C—c)ay +a), 


which still contains the two arbitrary constants 0, C 


But this gives the three equations 


—~/YY 
“Ga =e (x+y +d(x+y)+C, 
= VX- VPU IND L — 20a (v4 y)— day- (0—6) (8+9) +b, 
OVET edy + (0-c)ay +a 


The first of these is Lagrange’s integral containing the arbitrary constant C; and 
it is necessary that the three equations shall be one and the same equation; viz. 
the second and third equations must be each of them a mere transformation of the 
first, equation. 


It is easy to verify that this is so. Starting from the first equation, we require, 


first the value of 
_ 9 (WX--WY)(yVX -2V/¥) 
(a@—y/ 


joe DD, 
for a moment. 
We form a rational combination, or combination without any term in /XY; this is 


a oe ere vei ESE =e (x+y +d(s +y} +0(@+y)+Q, 


(@+y 


where the left-hand side is 
(@—y)(X -Y ) EEE. Ski r 
(@@-yP ay’ 
which is 
=e +a'ytap+y)+d(ortay ty) +e(o+y)+0, 
and we thence have for 
Q, -2 WX -vY) UvX eV) 
Cy é 
the value given by the second equation. 
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Secondly, starting again from the first equation, and proceeding in like manner to 
find the value of 
(y VX —2/V £ Lo 
A A Saoere. ? 
@-y) 


for a moment, we form a rational combination 


(VX — /Y) VY) p ONZ -ovy mie exy (x of yy — day (a + y) ST Cay + 2, 


T wy (æ= y) 
where the left-hand side is 
(@-y)(-yX+2Y) _ -yX +Y 
(a—y) omy | 


which is 
= — ewy (a+ vy +y’) —day (a@+y)—cay + a; 


and we thence have for 
_(Yy¥VvX—-—aV/YP 


Q, = : 
(e =y} 


the value given by the third equation. 


In conclusion, I give what is in effect the process by which Richelot obtained 
his integral. The integral is v = D, where 


~@ 
OMe Gagne Ut Oe Oye, 
if, for shortness, 
acer wya ea Abe 


or, what is the same thing, to show that v satisfies the partial differential equation 
dv dv 
We have 


dv -0 a a P dQ 
e U O OTT OAE O 
Q 


dv’ -0 -£ 2 dO 
a isa tee Tel x2) —(8@—«x) 0? +2(0-—«2)(0—- yaa dy’ 
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and thence, attending to the value of Q, 


VE VY = gaa gay C)+ e- 0-2) 0-) @-) 2 


a ae 
+2(0-2)(9—y) 0 CERLE 
or say 


Q 


du dv 
da dy © ARA d dQ) | 
da gay VX ae A ay) 


O-A) O-y)(@—-y 0-a (O= yy 
and it is consequently to be shown that the function on the right-hand side is =0. 
We have 


GQ 9) awe X ao P Ean a E E 
VX w = (O=a)(@—y) | @-aF @-y) OAE- y Oye- 


dQ _ o “bic oe gem ENE AE SREP ae 
Yy O=yG—a)* O-9 G2) O- N= O a) ey” 
and thence a MA ix’ p 
VX ag 2 a E T E T 


‘eee Coe a 

@-ay* @-yf wy 

ta 1A i 

E erat aa leary 
i V(XY) 

(0—«2)(@—y)(«#-y) 


, we may put the result in the form 


Multiplying by 


a—y 
2 dQ dQ ) Nigg X KONA Y 
æ—y (vx u Sra) “B= dx w- yP O-y dy (a — y? 
2X ar 2/(XY) 


+O- @—yyt O-A- (O—a) (0-9) (w—y’ 


and the equation to be verified thus is 


© 
°= azat 
RIE E. ET. FL 2X 
0— a da (»w—y?} (0—sf(s-— y’ 
as ee 2Y 
0—y dy (w—yy (0-sf(e- y 
2 (XY) 


* @=2)(0-y)(@-y" 


www.rcin.org.pl 


dæ dy 
956 | DIFFERENTIAL EQUATION 7X + Via 0. 529 


But decomposing the first term into simple fractions, we have 


Pace A 
(0—aP(0-y) 
U ARE X 
t3- da (@—yy 0- @ y” 
E g y Y 
+-— =- 


=y dy w-y} 0- e- yF 
Also for the third term, we have 
x 

(8-2? (s — y? 
Io gels aie cae 

(0—y)(a@—y) 
DA 2/(XY) 

(9—2)(O—y) (a —y)’ 


and substituting these values the several terms destroy each other, so that the right- 
hand side is =0, as it should be. 


~= 
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